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In the extended quasidilaton massive gravity we perform a nonlinear transformation of
the shift vector and then calculate the second derivatives of the Hamiltonian density with
respect to the lapse function and the (nonlinearly transformed) shift vector. It is then shown
that the 4×4 Hessian matrix is invertible, meaning that the equations of motion for the lapse
function and the shift vector simply determine themselves. Therefore, there is no primary
constraint that removes the Boulware-Deser ghost.
2I. INTRODUCTION
The history of massive gravity dates back to 1939, when Fierz and Pauli found the unique
Lorentz-invariant linear theory without ghost. Since then, there has been significant amount of
progress on the subject, including a number of important developments in early 1970’s such as
discoveries of the vDVZ discontinuity [2, 3], the Vainshtein mechanism [4] and the Boulware-Deser
(BD) ghost [5]. However, it is only recent when a fully nonlinear massive gravity without BD
ghost, called dRGT theory, was discovered [6, 7].
Having a good candidate theory of massive gravity, it is natural to ask whether we can apply
it to cosmology. Actually, it has been expected that modification of gravity due to graviton mass
may lead to cosmic acceleration without dark energy. Unfortunately, it was reported that all homo-
geneous and isotropic cosmological solutions in dRGT theory are unstable [8]. Two options have
thus been suggested: (i) to change the background, or (ii) to change the theory. The first option
involves breaking of either homogeneity [9] or isotropy [10, 11] of the background configuration.
The second option involves inclusion of extra degrees of freedom, either an extra scalar field [12, 13]
or an additional spin-2 field [14, 15].
Along the line of the second choice, the quasidilaton theory originally proposed in [12] was ex-
tended by inclusion of a new coupling between the massive graviton and the quasidilaton scalar [16].
In this extended quasidilaton theory, five degrees of freedom of massive gravity as well as the qua-
sidilaton degree propagate on a strictly homogeneous and isotropic (FLRW), self-accelerating de
Sitter background and are stable. Both the new coupling, which is denoted as ασ, and the canonical
kinetic term of the quasidilaton, whose coefficient is denoted as ω, are essential for the stability of
degrees propagating on the self-accelerating de Sitter solution: ασ 6= 0 provides interaction that
mixes the quasidilaton and the Stu¨ckelberg fields while ω 6= 0 provides interaction that mixes the
quasidilaton and the physical metric. In this fashion, all three parts can interact with each other
in a non-trivial way, and thus all together help evading the no-go result of [17, 18].
The quasidilaton global symmetry allows for inclusion of Horndeski terms [19] with shift-
symmetry as well. Those new terms introduce further interaction between the quasidilaton and
the physical metric. Hence the shift-symmetric Horndeski terms may assist or/and play the role
of the ω term [20]. Again, for any combinations of shift-symmetric Horndeski terms (and the ω
term), the inclusion of the ασ term is necessary for the stability of degrees propagating on the
self-accelerating FLRW de Sitter solution.
On the other hand, the DBI-type kinetic term (the term already suggested in [12], and the one
3proportional to the parameter ξ in the notation of [17]) does not help stabilizing the self-accelerating
de Sitter solution [20] since it mixes the quasidilaton and the Stu¨ckelberg fields via ασ and thus does
not induce the kind of interaction that is provided by ω 6= 0 (or the shift-symmetric Horndeski
terms). This has an important implication to the relation between the extended quasidilaton
massive gravity and the DBI Galileon coupled to massive gravity (DBI massive gravity) [21]: there
is no overlap between these two theories if we demand the stability of the self-accelerating FLRW
de Sitter solution [20].
One of the most important criteria for a consistent theory of massive gravity is the absence of
the BD ghost. At the level of linear perturbations around the self-accelerating de Sitter solution
in the extended quasidilaton, it was explicitly shown in [16, 20] that there is no BD ghost, nor any
type of instabilities whose time-scales are parametrically shorter than the cosmological time-scale.
On the other hand, the argument for the absence of BD ghost at fully nonlinear level so far relies
on arguments in the DBI massive gravity [22]. However, as mentioned above, there is no overlap
between the extended quasidilaton and the DBI massive gravity if we demand the stability of the
self-accelerating FLRW de Sitter solution. For this reason, it is necessary to study the issue of BD
ghost at fully nonlinear level in the extended quasidilaton. It was shown by Kluson [23] that a
method that can find the primary constraint in the original quasidilaton theory does not apply to
the extended quasidilaton. This certainly shows difficulties in finding the primary constraint but
actually does not prove either existence or non-existence of the constraint. On the other hand,
the argument in the previous arXiv version (v1) of the present paper was based on a wrong gauge
choice 1, as pointed out in the second arXiv version (v2) of [23]. Thus it remains an open question
whether the extended quasidilaton theory possesses the primary constraint that removes the BD
ghost.
The purpose of the present paper (v2) is to settle the issue of the BD ghost in the extended
quasidilaton massive gravity. Actually, we shall provide a proof of non-existence of the primary
constraint that removes the BD ghost. This means that the BD ghost exists in the extended
quasidilaton theory.
The rest of the paper is organized as follows. Sec. II briefly reviews the action of the extended
quasidilaton massive gravity. In Sec. III we perform a nonlinear transformation of the shift vector
of the physical metric, using the formalism developed in [24]. In Sec. IV, in order to simplify the
1 The condition φ0 = −e−σ/MPl , where φ0 is the temporal Stu¨ckelberg field and σ is the quasidilaton scalar, is not
a gauge condition but a physical constraint. Upon imposing this constraint, the system no longer describes the
extended quasidilaton theory. Instead, the system with the constraint is one of Lorentz-violating and rotation-
invariant massive gravity theories.
4analysis we set α3 = α4 = 1. In Sec. V we then calculate the second derivatives (i.e. components
of the Hessian matrix) of the Hamiltonian density with respect to the lapse and the (nonlinearly
transformed) shift vector. It is then shown that the Hessian matrix is invertible. This implies that
there is no primary constraint that removes the BD ghost. Sec. VI is devoted to a summary of the
paper.
II. EXTENDED QUASIDILATON
The action of the extended quasidilaton is given by
S =
M2Pl
2
∫
d4x
√−g
[
R− 2Λ− ω
M2Pl
gµν∂µσ∂νσ + 2m
2
g(L2 + α3L3 + α4L4)
]
, (1)
where σ is the quasidilaton scalar, R is the Ricci scalar of the physical metric gµν and the graviton
mass terms are specified as
L2 ≡ 1
2
([K]2 − [K2]) ,
L3 ≡ 1
6
([K]3 − 3[K][K2] + 2[K3]) ,
L4 ≡ 1
24
([K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]− 6[K4]) , (2)
and
Kµν = δµν −
(√
g−1f¯
)µ
ν
. (3)
Here, f¯µν is a combination of the Minkowski fiducial metric ηab = diag(−1, 1, 1, 1), the derivatives
of the Stu¨ckelberg fields ∂µφ
a (a = 0, 1, 2, 3), the quasidilaton σ and its derivative ∂µσ, specified as
f¯µν ≡ e2σ/MPlηab∂µφa∂νφb −
ασ
M2Plm
2
g
∂µσ∂νσ. (4)
Note that f¯µν defined here is related to f˜µν introduced in [16] as
f¯µν = e
2σ/MPl f˜µν . (5)
When ασ = 0, the system reduces to the original quasidilaton theory proposed in [12].
The action, with or without the coupling ασ, enjoys the quasidilaton global symmetry,
σ → σ + σ0 , φa → e−σ0/MPl φa , (6)
as well as the Poincare symmetry in the space of Stu¨ckelberg fields
φa → φa + ca , φa → Λabφb . (7)
5III. NONLINEAR TRANSFORMATION OF SHIFT VECTOR
Let us adopt the ADM decomposition of the physical metric as
gµνdx
µdxν = −N2dt2 + γij(dxi +N idt)(dxj +N jdt), (8)
where N (> 0), N i and γij are the lapse function, the shift vector and the spatial metric. It is also
convenient to define M (> 0), M i and qij via the ADM decomposition of f¯µν as
f¯µνdx
µdxν = −M2dt2 + qij(dxi +M idt)(dxj +M jdt). (9)
Concretely,
qij = f¯ij, M
i = qijMj , Mi = f¯0i, M
2 = −f¯00 +MkMk, (10)
where qij is the inverse matrix of qij.
Following [24], we perform a nonlinear field redefinition from the original shift vector N i to a
spatial vector ni via the following relation.
N i = ni +M i +NDijn
j, (11)
where M i is the shift vector of f¯µν as defined above, and D
i
j is a matrix defined as follows.
Dij =
(√
γ−1qQ
)i
k
(Q−1)kj, Q
i
j = xδ
i
j + n
inkqkj,
(Q−1)ij =
1
x
(δij −M−2ninkqkj), x =M2 − qklnknl. (12)
The matrix Dij satisfies the following identities.
√
xD =
√
(γ−1 −DnnTD)q,
qikD
k
j = qjkD
k
i, D
i
kq
kj = Djkq
ki, qik(D
−1)kj = qjk(D
−1)ki, (13)
where (D−1)ij is the inverse matrix of D
i
j. It is then shown that
N
(√
g−1f¯
)µ
ν
= Aµν +NB
µ
ν , (14)
where 
 A00 A0j
Ai0 A
i
j

 = 1√
x

 M2 + nkMk qjknk
−(M2 + nkMk)(ni +M i) −(ni +M i)qjknk

 ,

 B00 B0j
Bi0 B
i
j

 = √x

 0 0
DikM
k Dij

 . (15)
What is important here is that x, Qij , (Q
−1)ij , D
i
j , A
µ
ν and B
µ
ν are independent of N when
components of ni (instead of N i) are considered as independent variables.
6IV. MODEL WITH α3 = α4 = 1
Let us begin with fixing the gauge degrees of freedom as
φa = δaµx
µ, (a = 0, 1, 2, 3), (16)
for which f¯µν defined in (4) is
f¯µν = e
2σ/MPlηµν − α˜∂µσ∂νσ, (17)
where
α˜ ≡ ασ
M2Plm
2
g
. (18)
The ADM decomposition of f¯µν then leads to
M = M˜
√
1 + A˜σ˙2, Mi = M˜iσ˙, M
i = M˜ iσ˙,
qij = e
2σ/MPlδij − α˜∂iσ∂jσ, qij = e−2σ/MPl
(
δij + A˜δikδjl∂kσ∂lσ
)
, (19)
where an overdot represents derivative with respect to t, and
M˜ = eσ/MPl , M˜i = −α˜∂iσ, M˜ i = −A˜δij∂jσ, A˜ = α˜e
−σ/MPl
1− α˜e−2σ/MPlδkl∂kσ∂lσ
. (20)
Note that the dependence of the matrix Dij , defined in (12), on σ˙ is nonlinear. To simplify the
dependence on σ˙, we perform another field redefinition from ni to a new vector n˜i via
ni =Mn˜i, (21)
and define x˜, Q˜ij and D˜
i
j by
x =M2x˜, Qij =M
2Q˜ij , D
i
j =
1
M
D˜ij , (22)
so that
N i =Mn˜i +M i +ND˜ij n˜
j = M˜n˜i
√
1 + A˜σ˙2 + M˜ iσ˙ +ND˜ijn˜
j. (23)
Hereafter, we consider N , n˜i (instead of N i or ni), γij and σ as independent variables. It is then
easy to see that x˜, D˜ij , M˜ and M˜
i are independent of σ˙,
∂x˜
∂σ˙
= 0,
∂D˜ij
∂σ˙
= 0,
∂M˜
∂σ˙
= 0,
∂M˜ i
∂σ˙
= 0. (24)
7On the other hand, we have the following formulas for derivatives with respect to n˜k.
∂
∂n˜k
√
x˜ = − n˜k√
x˜
,
∂
∂n˜k
(√
x˜D˜ii
)
= − n˜i√
x˜
∂
∂n˜k
(D˜ij n˜
j),
∂
∂n˜k
(
D˜ij n˜
j
)
=
1
N
(
∂N i
∂n˜k
− M˜δik
√
1 + A˜σ˙2
)
,
∂M˜
∂n˜k
= 0,
∂M˜ i
∂n˜k
= 0, (25)
where
n˜i = qijn˜
j. (26)
One can also show from [∂/∂n˜l, ∂/∂n˜k](
√
x˜D˜ii) = 0 that
Q˜ki
∂N i
∂n˜l
= Q˜li
∂N i
∂n˜k
, (27)
where
Q˜ij = qikQ˜
k
j = x˜qij + n˜in˜j. (28)
For simplicity let us consider the case with α3 = α4 = 1. With this choice of parameters α3
and α4, the graviton mass term is simplified as
L2 + L3 + L4 = −
(
tr
√
g−1f − 3
)
. (29)
By introducing momenta piij conjugate to γij and replacing N
i with the r.h.s. of (23), the action
for the extended quasidilaton theory with α3 = α4 = 1 is written as
Sα3=α4=1 =
∫
d4xLα3=α4=1, (30)
where
Lα3=α4=1 = piij γ˙ij +NR0 +
(
M˜n˜i
√
1 + A˜σ˙2 + M˜ iσ˙ +ND˜ij n˜
j
)
Ri − ω
2
√
det γNγij∂iσ∂jσ
+
ω
√
det γ
2N
[
σ˙ −
(
M˜n˜i
√
1 + A˜σ˙2 + M˜ iσ˙ +ND˜ij n˜
j
)
∂iσ
]2
−M2Plm2g
√
det γ
(
M˜
√
x˜
√
1 + A˜σ˙2 +N
√
x˜D˜ii − 3N
)
, (31)
R0 =
M2Pl
√
det γ
2
3R+
1
M2Pl
√
det γ
(γijγkl − 2γikγjl)piijpikl, Ri = 2γik
√
det γDjpi
jk, (32)
3R is the Ricci scalar of γij and Di is the covariant derivative compatible with γij.
8V. NON-EXISTENCE OF PRIMARY CONSTRAINT
For the extended quasidilaton theory with α3 = α4 = 1, the canonical momentum conjugate to
σ is
piσ =
ω
√
det γ
N
[
1−
(
M˜n˜k
A˜σ˙√
1 + A˜σ˙2
+ M˜k
)
∂kσ
]
×
[
σ˙ −
(
M˜n˜i
√
1 + A˜σ˙2 + M˜ iσ˙ +ND˜ijn˜
j
)
∂iσ
]
+
(
M˜n˜i
A˜σ˙√
1 + A˜σ˙2
+ M˜ i
)
Ri −M2Plm2g
√
det γM˜
√
x˜
A˜σ˙√
1 + A˜σ˙2
. (33)
Hence we have
∂piσ
∂n˜k
= −ω
√
det γ
N
{
M˜A˜σ˙∂kσ√
1 + A˜σ˙2
[
σ˙ −
(
M˜n˜i
√
1 + A˜σ˙2 + M˜ iσ˙ +ND˜ij n˜
j
)
∂iσ
]
+
[
1−
(
M˜n˜k
A˜σ˙√
1 + A˜σ˙2
+ M˜k
)
∂kσ
]
∂N i
∂n˜k
∂iσ
}
+
M˜A˜σ˙√
1 + A˜σ˙2
Rk
+M2Plm
2
g
√
det γM˜n˜k
A˜σ˙√
1 + A˜σ˙2
,
∂piσ
∂N
= −ω
√
det γ
N2
[
1−
(
M˜n˜k
A˜σ˙√
1 + A˜σ˙2
+ M˜k
)
∂kσ
]
×
[
σ˙ −
(
M˜n˜i
√
1 + A˜σ˙2 + M˜ iσ˙
)
∂iσ
]
,
∂piσ
∂σ˙
=
ω
√
det γ
N
[
(−1 + M˜k∂kσ)M˜ n˜l∂lσ
A˜σ˙(3 + 2A˜σ˙2)
(1 + A˜σ˙2)3/2
+ A˜(M˜n˜k∂kσ)
2
+(1− M˜k∂kσ)2 +ND˜ijn˜j∂iσM˜n˜k∂kσ
A˜
(1 + A˜σ˙2)3/2
]
+
A˜
(1 + A˜σ˙2)3/2
(M˜n˜iRi −M2Plm2g
√
det γM˜
√
x˜), (34)
The Hamiltonian density is
Hα3=α4=1 ≡ piij γ˙ij + piσσ˙ − Lα3=α4=1
= −NR0 −
(
M˜n˜i√
1 + A˜σ˙2
+ND˜ijn˜
j
)
Ri +
ω
2
√
det γNγij∂iσ∂jσ
+
ω
√
det γ
2N


[
σ˙ −
(
M˜n˜i
A˜σ˙2√
1 + A˜σ˙2
+ M˜ iσ˙
)
∂iσ
]2
−
[(
M˜n˜i√
1 + A˜σ˙2
+ND˜ijn˜
j
)
∂iσ
]2

+M2Plm
2
g
√
det γ
(
M˜
√
x˜√
1 + A˜σ˙2
+N
√
x˜D˜ii − 3N
)
, (35)
9where it is understood that σ˙ is expressed implicitly in terms of (piσ, N , n˜
k, det γ) via (33).
Hereafter, we consider (N , n˜k, γij, pi
ij , σ, piσ) as independent variables. We are interested in
derivatives of the Hamiltonian density with respect to N and n˜k. We define ∂¯/∂¯N and ∂¯/∂¯n˜k
to be partial derivatives with respect to N and n˜k with (n˜k, γij , pi
ij , σ, piσ) and (N , γij , pi
ij , σ,
piσ), respectively, fixed. In order to calculate these derivatives, we shall use (34) and the following
formulas.
∂¯σ˙
∂¯N
= −
(
∂piσ
∂N
)
/
(
∂piσ
∂σ˙
)
,
∂¯σ˙
∂¯n˜k
= −
(
∂piσ
∂n˜k
)
/
(
∂piσ
∂σ˙
)
, (36)
The derivatives of Hα3=α4=1 with respect N and n˜k are
H0 ≡ ∂¯Hα3=α4=1
∂¯N
=
∂Hα3=α4=1
∂N
− ∂Hα3=α4=1
∂σ˙
(
∂piσ
∂N
)
/
(
∂piσ
∂σ˙
)
,
= −R0 − D˜ijn˜jRi +M2Plm2g
√
det γ
(√
x˜D˜ii − 3
)
+
ω
√
det γ
2N2
{
(M˜ i∂iσ − 1)2σ˙2 + 2(M˜ i∂iσ − 1)M˜ n˜j∂jσσ˙
√
1 + A˜σ˙2
+M˜2(1 + A˜σ˙2)(n˜i∂iσ)
2 −N2γij∂iσ∂jσ −N2
(
D˜ij n˜
j∂iσ
)2}
,
Hk ≡
∂¯Hα3=α4=1
∂¯n˜k
=
∂Hα3=α4=1
∂n˜k
− ∂Hα3=α4=1
∂σ˙
(
∂piσ
∂n˜k
)
/
(
∂piσ
∂σ˙
)
= Ci∂N
i
∂n˜k
,
Ci = −Ri −M2Plm2g
√
det γ
n˜i√
x˜
+
ω
√
det γ
N
[
(1− M˜k∂kσ)σ˙ − M˜n˜k∂kσ
√
1 + A˜σ˙2 −ND˜kln˜l∂kσ
]
∂iσ, (37)
where it is again understood that σ˙ is expressed implicitly in terms of (piσ, N , n˜
k, det γ) via (33).
Since the 3× 3 matrix ∂N i/∂n˜k is generically invertible [24], the set of equations of motion for N
and n˜k is equivalent to
H0 = 0, Ci = 0, (i = 1, 2, 3). (38)
In order to judge whether the equations of motion (38) completely determine N and n˜k or leave
some of them undetermined, we need to know whether the Hessian matrix, whose components are
derivatives of H0 and Hk with respect to N and n˜l, is invertible or not. Upon imposing (38), these
derivatives are calculated as
H00 ≡ ∂¯H0
∂¯N
=
∂H0
∂N
− ∂H0
∂σ˙
(
∂piσ
∂N
)
/
(
∂piσ
∂σ˙
)
= U ,
H0l ≡ ∂¯H0
∂¯n˜l
=
∂H0
∂n˜l
− ∂H0
∂σ˙
(
∂piσ
∂n˜l
)
/
(
∂piσ
∂σ˙
)
= −UW∂iσ∂N
i
∂n˜l
,
Hk0 ≡
∂¯Hk
∂¯N
=
∂Hk
∂N
− ∂Hk
∂σ˙
(
∂piσ
∂N
)
/
(
∂piσ
∂σ˙
)
= −UW∂iσ∂N
i
∂n˜k
,
Hkl ≡ ∂¯Hk
∂¯n˜l
=
∂Hk
∂n˜l
− ∂Hk
∂σ˙
(
∂piσ
∂n˜l
)
/
(
∂piσ
∂σ˙
)
= VQ˜ki∂N
i
∂n˜l
+ UW2∂iσ∂jσ∂N
i
∂n˜k
∂N i
∂n˜l
, (39)
10
where
U = A˜γ0γ
2
1
N2γ2
, V = −M
2
Plm
2
g
√
det γ
x˜
√
x˜
, W = N
γ1
, (40)
and
γ0 = ωM
2
Plm
2
gM˜ det γ, γ1 = M˜n˜
i∂iσ
√
1 + A˜σ˙2 + (M˜ i∂iσ − 1)σ˙,
γ2 = ω
√
det γ
√
x˜
√
1 + A˜σ˙2
[
M˜n˜i∂iσA˜σ˙ + (M˜
i∂iσ − 1)
√
1 + A˜σ˙2
]2
−NM2Plm2g
√
det γM˜A˜. (41)
Note that H0k = Hk0, Hkl = Hlk (see (27)). Therefore, it is shown that
(
dN dn˜k
) H00 H0l
Hk0 Hkl



 dN
dn˜l

 = U
(
dN +W∂iσ∂N
i
∂n˜k
dn˜k
)2
+ VQ˜ki∂N
i
∂n˜l
dn˜kdn˜l. (42)
As already mentioned before, the 3 × 3 matrix ∂N i/∂n˜k is invertible. It is easy to see that Q˜kl is
also invertible as
(
Q˜−1
)kl
=
1
x˜
(
qkl − n˜kn˜l
)
. (43)
Therefore, the form (42) implies that the 4×4 Hessian matrix is invertible whenever UV 6= 0. Note
that UV does not vanish generically if ωασm2g 6= 0. This means that the set of four equations (38)
determines N and n˜k (k = 1, 2, 3).
After solving the set of four equations (38) w.r.t. N and n˜k, the Hamiltonian density Hα3=α4=1
is expressed in terms of (γij , σ, piij, piσ) only. Thus the Lagrangian density can be cast into the
first-order form (see e.g. [26]) as
Lα3=α4=1 = piij γ˙ij + piσσ˙ − V (γij , σ, piij , piσ), (44)
where V (γij , σ, piij , piσ) = Hα3=α4=1. This explicitly shows that there is no primary constraint that
removes the Boulware-Deser ghost at a fully nonlinear level.
VI. SUMMARY AND DISCUSSIONS
We have shown that the extended quasidilaton theory proposed in [16] does not have a primary
constraint that removes the BD ghost at a fully nonlinear level, provided that ωασm
2
g 6= 0. Note
that this is not just a failure to find such a constraint but actually is a proof of non-existence. The
issue of BD ghost in the extended quasidilaton massive gravity has thus been settled.
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In the proof of non-existence of the primary constraint, we have assumed that ασ 6= 0 and that
ω 6= 0. On the other hand, if ασ = 0 or if ω = 0 then U defined in (40) vanishes and thus the
Hessian matrix is not invertible, meaning that there is a primary constraint. However, the former
choice ασ = 0 does not allow for a stable self-accelerating FLRW de Sitter solution [16, 20]. In
the later case with ω = 0, one could introduce a DBI-type kinetic term for the quasidilaton scalar
(the term already suggested in [12], and the one proportional to the parameter ξ in the notation of
[17]). The system will then fall into a class of models proposed in [21]. (This case was considered
also in [23].) Unfortunately, this case again does not allow for a stable self-accelerating FLRW de
Sitter solution [20].
At the level of linear perturbations around the self-accelerating de Sitter solution in the extended
quasidilaton (with ασ 6= 0 and ω 6= 0), it was explicitly shown in [16, 20] that there is no BD ghost.
Hence, on the self-accelerating background, the BD ghost does not show up at the linear level but
should appear at some nonlinear level. This is consistent with the recent claim of [27] based on
linear perturbations around a more general FLRW background.
Having settled the issue of the BD ghost in the extended quasidilaton massive gravity, we
conclude that the extended quasidilaton theory [16] is not a theoretically consistent candidate for
a theory of massive gravity. Therefore we need to consider other candidates such as the minimal
theory of massive gravity with two propagating degrees of freedom [28–30] and its quasidilaton
extension [31]. The new quasidilaton theory [32, 33] is also another possibility.
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